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Abstract. We propose a time-independent method for finding a correlated ground state of an extended
time-dependent Hartree-Fock theory, known as the time-dependent density matrix theory (TDDM). The
correlated ground state is used to formulate the small amplitude limit of TDDM (STDDM) which is a
version of extended RPA theories with ground-state correlations. To demonstrate the feasibility of the
method, we calculate the ground state of 220 and study the first 2* state and its two-phonon states using

STDDM.

PACS. 21.10.Re Collective levels — 21.60.Jz Hartree-Fock and random-phase approximations — 27.30.4+t

20< A <38

1 Introduction

The study of unstable nuclei is a subject of current exper-
imental and theoretical interests. Self-consistent theories
such as the Hartree-Fock-Bogoliubov theory (HFB) and
the quasi-particle random-phase approximation (QRPA),
which have extensively been used for stable nuclei, have
also been applied to unstable nuclei, and the importance
of ground-state correlations has been demonstrated [1-3].
Introducing a pairing field, HFB and QRPA deal with
pairing correlations in the framework of a mean-field the-
ory. In contrast to HFB and QRPA, the time-dependent
density matrix theory (TDDM) [4], which is one of the
extended time-dependent Hartree-Fock theories, deals
with ground-state correlations as genuine two-body cor-
relations. TDDM has been applied to giant resonances in
stable nuclei [5,6] and also to low-lying collective states in
unstable nuclei [7,8]. The small amplitude limit of TDDM
(STDDM) [9], which is a time-independent version of
TDDM, has also been used to calculate low-lying states
in an oxygen isotope [10]. The importance of ground-state
correlations has also been demonstrated by these TDDM
and STDDM calculations. The correlated ground state
used in these nuclear-structure calculations, however,
is an approximate one which is obtained using a time-
dependent method: The initial Hartree-Fock (HF) ground
state is evolved in time using the equations of motion in
TDDM and a time-dependent residual interaction whose
strength gradually approaches its intended value with a
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time constant 7. In the case of a solvable model where
we can take 7 quite large, the ground state obtained has
been found practically stationary and close to the exact
one [11]. However, in realistic cases where it is difficult
to take sufficiently large 7, the mixing of excited states,
which causes spurious oscillations of some ground-state
quantities, is unavoidable though it is small [12]. There-
fore, it is anticipated to develop another method for
finding a correlated ground state of the TDDM equations.
In this paper we propose a time-independent approach
based on Newton’s gradient method and demonstrate
its feasibility by calculating the ground state of 220
for which we have previously performed time-dependent
calculations [7,8]. 220 is one of the neutron-rich nuclei
which attract recent experimental and theoretical inter-
ests, and is quite suitable for our present study: Although
it is an open shell nucleus, the HF assumption which
we use to obtain a starting ground state in the gradient
method, is valid as first-order approximation, and the
omission of the proton degrees of freedom may be allowed
in this explorative study because of the proton shell
closure. The obtained ground state is used to construct
the Hamiltonian matrix of STDDM, and the first 2%
state and its two-phonon states in 220 are calculated.
The paper is organized as follows. In sect. 2 the time-
independent method for obtaining a correlated ground
state is presented. In sect. 3 the formalism of STDDM
is given. The results of numerical calculations for the
ground state, the first 27 state, and its two-phonon states
are shown in sect. 4 and sect. 5 is devoted to a summary.
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2 Method for finding a correlated ground
state

The ground state |®g) in TDDM is a stationary solution
of the TDDM equations and should satisfy

Fi(ad) = (®o|[ag anr, H]|o) =0, (1)
Fy(arapana) = (Pollag, ag,aay a0y, Hl|Po) =0, (2)

where H is the total Hamiltonian consisting of the kinetic-
energy term and a two-body interaction, and | ] stands
for the commutation relation. F; and F, are written in
terms of the occupation matrix nl, , = (Pola}, a,|Po)
and the two-body correlation matrix C' =

ajazalal
<Q50|aj;,1 al',z Aoy Ory |450>7A(nglo/1 ngém,z), where A is the an-

tisymmetrization operator. Equations (1) and (2) are de-
rived from the TDDM equations under the condtion that

0 0 . .
Moo and Cf oo are time independent. The expres-

sions for F; and F» have already been given in ref. [9] but
are shown again in appendix A. The single-particle wave
function v, is chosen to be an eigenstate of the mean-field
Hamiltonian hg(po):

h2v?
o(po)a (1) = — 5 (1) + [ d20(1,2)

X [p0(2’ 2)¢a(1) - pO(lv 2)'(/)04(2)] = eawa(l)a (3)

where the numbers denote space, spin, and isospin coor-
dinates, and the one-body density matrix pg is given as

po(11) =D nfta (1) (1), (4)

ao’

Attempts have been made to find a solution of egs. (1)
and (2) [13]. However, this is not evident partly because
egs. (1) and (2) are not in the form of an eigenvalue prob-
lem. The time-dependent method has been developed and
tested for a solvable model [11] and realistic nuclei [7,8,12]
as mentioned above. In the following we propose a time-
independent approach using the iterative Newton’s gra-
dient method. We start from the HF ground state where
nl ., = Saa (0) for occupied (unoccupied) single-particle

aa’ T
states and C’O1 , , = 0. Then we iterate

apazal o,

(n(;(NJr 1)) _ (n%(N))
CON +1) CO(N)
_, ((9F1/0n° 6F /5CON T ( Fi(N)

[ n®(N) ac\ ' (F(N)

“loow)) ~*\bvd) \mw))©®
until convergence is achieved, where the matrix elements
a, b, ¢, and d, which also depend on the iteration step IV,
are equivalent to those appearing in the Hamiltonian ma-
trix of STDDM. They are given in ref. [10] and also shown
in appendix B. We have to introduce a small parameter
« to control the convergence process. We have tested this
iterative method for a solvable model [14] and found that
the obtained result is equivalent to the solution which had
been obtained using the time-dependent approach [11].
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3 Small amplitude limit of TDDM

TDDM gives the time evolution of the one-body density
matrix p and the correlated part Cy of a two-body den-
sity matrix [4,15], and STDDM has been formulated by
linearizing the equations of motion for p and Cy [9]. The
equations of STDDM for the one-body amplitude z o (1)
and the two-body amplitude X, aya7as (1) can be written
in matrix form [10]:

Ga)(3)=(3) o

Equation (6) can also be obtained from the following equa-
tions:

(Dollag aa, H]|P) = w,(Polag,aa|®), (7)

<950|[a;,1a25aa2aa1,H]|¢> = wu<¢0|a:'1aZéaazaa1|¢>, (8)

where |®) is the wave function for an excited state
with excitation energy w,. Linearizing egs. (7) and (8)

with respect to Zaor = (Polal aa|®) and Xo amara; =
(®0|a§,1azéaa2aal|¢>, and using nl,, = (Polal as|Po)
and C’glaza,la,z = @O\al'/l a;é"éaazaa1 |Po) — A(nglaangza;),

we can obtain eq. (6). The fact that the linearization of
egs. (7) and (8) gives eq. (6) might explain why the ma-
trices a, b, ¢, and d are given by the variation of F} and
F5. The Hamiltonian matrix of eq. (6) is not Hermitian as
easily understood from its explicit form (see appendix B).
In the case of a non-Hermitian Hamiltonian matrix, the
ortho-normal and completeness relations are given not by
the Hermitian conjugate of |u) = (z, X) but by the left-
hand-side eigenvectors |1) = (#, X) which satisfy

(", X%) (jj ;) = w, (3", X), 9)

as explained in ref. [10]. When the ground state |®o) is as-
sumed to be the HF one and only the particle (p)-hole (h)
and 2p-2h amplitudes (and their complex conjugates) are
taken in eq. (6), STDDM reduces to the second RPA
(SRPA) [16-18].

The strength function is defined as

S(B)= Y (Wu|Q10)*3(E — E,), (10)

E,>0

where |¥y) is the ground state, |¥,,) is an excited state with

an excitation energy E,, and Q an excitation operator.
The strength function in STDDM for a one-body operator
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Q, is given as [10]

S(E) = —%Im{ Z [ <Z<Q|Q1|a/>xa’a(ﬂ)>
Re

(wp)>0 oo
"t o
X %WIQlIﬂ >$3/5(N) E—w, +il/2
_ <Z<Q|Q1|Oél>xo/a(:u)>
1

x Z<ﬁ|Q1|ﬁ/>th’ﬁ(M)
BB’

(11)

where an artificial width I is put to obtain a smooth dis-
tribution for S(FE) and !, (1) is defined as

E +w, +1il/2

B () =Y Sun(aa s A)Ean (1)

AN
+ Z Tia(od : AA N AY) X g (). (12)
AL Az A
Here S11 and T%5 are defined as
Si1(aa’ : AN) = (Do|[at an, af ar]|Po), (13)

Tiz(a : AN AG) = (Dollalaq, : af af axax; :]|Po),

(14)

Wheie Do mea+ns that : ajl aj{za)\éa)\/l :j aj\'la;_)ax?ayl —
A(a)\laxl (¢0|a>\2a,\§|¢0> —|— a%\zaXZ (¢0|a)\1a>\/1 ‘¢0>). Simi-
larly, the strength function in STDDM for a two-body
excitation operator () is given as

>

Re(w;,)>0

S(E) = —lIm{

(06104201 (12

0(1042|Q2|0/1042>Xa/ ahaiag (/’(’)

Z 5152|Q2|5152>X51[32ﬁ1ﬁ2 ()
5152@%

Wy +ZF/2

0(10420[ OL2

5152|Q2|/3152>Xg'g2g1g2 (1)

E
( 0l1C¥2|Q2|061042>Xo/a alaQ(M)

51525 85

} (15)

E—i—w +zF/2
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where Xélazala (p) is given by
X! aparay (1) = D Tor(@rasaial : AN)Eaw (1)
AN
+ Z 522(0410120/10/2 N )\1)\2/\’1A/2)X>\1)\2A11>\12 (,LL)
A1 A2\,
(16)
Here T51 and Sao are defined as
To1(ragaaly - AN) =
(@ol[: aj, al, aazaa, a)ax]|Po), (17)
522(0410(20/10/2 : )\1/\2)\’1)\12) =
(Dol[: a;r,la;?awaal o af af, axgax; 1|®o).  (18)
S11, Sa2, T2 and Ty are written in terms of nga, and
Cgﬁa, s> and are given explicitly in ref. [19]. The strength

functions in STDDM are not guaranteed to be positive
definite, as is easily understood from eqgs. (11) and (15).
In practical applications this has not caused problems.

4 Numerical solutions
4.1 Correlated ground state

In this subsection we present how the correlated ground
state of 220 is calculated and discuss some properties of
the obtained ground state. To prepare the starting ground
state for eq. (5), we perform a static HF calculation as
the first step. The Skyrme IIT (SKIII) is used as the ef-
fective interaction to generate a mean field. It has often
been used as one of the standard parameterizations of
the Skyrme force in nuclear-structure calculations even
for very neutron-rich nuclei [1,20]. We assume in the HF
calculation that 1ds 5 is the last fully occupied neutron or-
bit of 220. Since eq. (5) involves matrix inversion at each
iteration step, it is difficult to use a large number of single-
particle states to solve eq. (5). In this explorative study we
only use the two neutron orbits, 1ds,3 and 2s /3, to evolve

n? ., and C « g Configurations consisting of these two
orbits are Con51dered to be the major components of the
correlated ground state and the first 2% state. The single-
particle wave functions are confined to a sphere with ra-
dius 12 fm. The mesh size used is 0.1 fm. At each iteration
step of eq. (5), eq. (3) is solved. This means that the single-
particle states also evolve in a consistent way. In a fully
self-consistent calculation the residual interaction which is
used to solve eq. (5) (and also eq. (6)) should be the same
as that used to generate the mean field. However, we had
found in previous studies for giant resonances [21] that
SKIII induces negligible ground-state correlations when
the single-particle space is significantly truncated. This is
the case also in this study of 220 as will be shown be-
low. Therefore, we present the results using the following
pairing-type residual interaction of the density-dependent
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Fig. 1. Sum of the absolute values of the matrix elements of
Fi1 and F3 as a function of the number of iterations. Each spike
corresponds to an increase of the interaction strength by vo/20
(see text).

d-function form [22] which is known to induce significant
ground-state correlations [§]

v(r —r') = (1 = p(r)/po)d*(r — 1),

where p(r) is the nuclear density. The parameters py and
vo are set to be 0.16 fm ™3 and —900 MeV fm?, respec-
tively. Similar values of py and vy have been used in HFB
calculations [23-25] in truncated single-particle space. The
converged result somewhat depends on how the iteration
process is chosen. We found that to achieve real conver-
gence it is necessary to start with a small value of vy and
gradually increase it: In the calculation shown below we
start with v9/20 and increase it by wvg/20 for each 100
iterations. The sum of the absolute values of the matrix
elements of F; and F3 is shown in fig. 1 as a function of
the number of iterations. The final value of Y (| F1| +|Fz|)
at the 2100th step is 2.5 x 107° MeV. Figure 1 demon-
strates that the iteration method eq. (5) works quite well.
The final single-particle energies of the 1ds,; and 2s; /o
are —6.9 MeV and —2.8 MeV, respectively. Their occu-
pation probabilities are 0.98 and 0.05, respectively. The
correlation energy FE.,, defined as

(19)

Ecor =5 Z <aﬁ|v|a/ﬁ/>cg’ﬁ’aﬁ (20)

aBa’ B!
is —0.60 MeV. The total energy is decreased by 0.22 MeV

from the HF value: The correlation energy is largely com-
pensated by the increase of the HF energy.

4.2 Low-lying 27T states

Using the correlated ground state shown above, we solve
eq. (6) and calculate the strength function for 2% states ac-
cording to eq. (11). To be consistent with the calculation of
nd and C3 5.5, we only use the neutron 1ds/, and 25, /5

orbits for x4 and Xagass . The eigenvalues of some 27
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Fig. 2. Strength distributions of the neutron quadrupole

modes in 220 calculated in STDDM (solid line), SRPA (thin

dotted line) and RPA (dot-dashed line). The strength functions

are smoothed with I" = 0.5 MeV.

states become imaginary because the Hamiltonian matrix
of eq. (6) is not Hermitian. However, their imaginary parts
are quite small (less than 0.05 MeV). Some 27 states have
also negative quadrupole strengths because the positivity
of S(E) is not guaranteed. However, the negative contribu-
tions are so small that S(E) becomes positive in the entire
energy region when it is smoothed with I' = 0.5 MeV.
The obtained result for Q; = 72Yyy in STDDM (solid
line) is shown in fig. 2, where the strength functions in
RPA (dot-dashed line) and SRPA (thin dotted line) are
also presented for comparison. The 21 state calculated in
STDDM is energetically shifted upward and becomes sig-
nificantly more collective as compared with that in RPA.
The increase in the excitation energy is due to the lowering
of the ground state, which is realized by the increase in the
unperturbed p-h energy through the coupling to Cg, Bas
We will discuss this point in more detail below. The en-
hancement of the collectivity of the 27 state is due to the
mixing of two-body configurations. These properties of the
first 27 state under the influence of ground-state correla-
tions are similar to those obtained from QRPA calcula-
tions [2,3]. The reduced transition probability obtained
is 68 fm*. If the neutron effective charge is assumed to
be 0.5¢, the value of B(E2: 0% — 2) becomes 17 e*fm?,
which might be comparable with the experimental value of
21 4+ 8 €?fm* [26]. The 27 state in SRPA is simply shifted
downwards due to the coupling to 2p-2h configurations
located around 8 MeV.

4.3 Two-phonon states

The strength functions for the two-body operators Qo =
[r2Ys ® 172Ys]d with J = 0, 2, and 4 are also calcu-
lated using eq. (15) and the obtained results are shown in
fig. 3. The transition strength decreases with increasing
J, whereas it would be independent of J if a pure-phonon
picture were valid. The ratios of the transition strengths
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Fig. 3. Strength distributions of the two-phonon states of the
neutron quadrupole modes in 220 calculated in STDDM. The
solid, dotted and dot-dashed lines depict the results for the
0T, 2% and 47 states, respectively. The strength functions are
smoothed with I" = 0.5 MeV.

of the 27 and 47 states to that of the 0" state are 0.55 and
0.30, respectively. These ratios should be compared with
4/5 and 1/3, respectively, which are obtained assuming
unperturbed two 2s; /5 particle-two 1ds,2 hole configura-
tions. Although the excitation energies of the 2tand 4%
states are about twice the excitation of the 1-phonon state,
the 07 state is located at quite low energy. This originates
in the nature of the residual interaction of the §-function
form (eq. (19)) which strongly favors a nucleon pair with
J™ = 0T. The large spacing between the 0% state and the
27 state is similar to that obtained from the shell model
calculation [27]. The strength distribution of the 2% state
has some small components in the low-energy region (be-
low 5 MeV). This problem will be discussed in the next
subsection. The transition probability between the one-
phonon state and one of the two-phonon states is not well
defined in STDDM but may be calculated as [28]

(L0l[0,, Qu]l') (ol (O, Qu]l1)
(Bl ) (' ")

; (21)

where O, is defined as

Ou= Z(ii/\/(u)aj\r,a,\ + Xj\kl,\p\’l)d2 (M)a;l QI/ZGAQGM)-

(22)
The reduced transition probabilities from the 07, 27, and
47T states to the l-phonon state are 16, 14, and 12 fm?,
respectively, which are close to the value 68/5 ~ 14 fm* for
the transition from the first 2% state to the ground state.
If a pure-phonon picture were valid, these values would
be independent of the angular momenta of the 2-phonon
states.

In the following we compare STDDM with SRPA. The
strength functions calculated in SRPA are shown in fig. 4.
The transition strengths in SRPA are much smaller than
those in STDDM. Note that fig. 4 is drawn in the same
scale as fig. 3. It had been pointed out [28] that the X hpn
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Fig. 4. Strength distributions of the two-phonon states of the
neutron quadrupole mode in 220 calculated in SRPA. The
solid, dotted and dot-dashed lines depict the results for the
0T, 2% and 47 states, respectively. The strength functions are
smoothed with I" = 0.5 MeV.
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Fig. 5. Strength distributions of the 07 two-phonon state of
the neutron quadrupole modes in 220 calculated in STDDM
(solid line), SRPA (dot-dashed line) and mSRPA (dotted line)
which includes Xpnpn-type amplitudes. The thin solid line indi-
cates the result calculated using further modified SRPA where
the Xpppp- and Xnnnn-type amplitudes are added to mSRPA.
The strength functions are smoothed with I" = 0.5 MeV.

amplitude is important to reproduce the collectivity of
low-lying two phonon states. To investigate this point, we
performed a calculation for the 0% state using a modi-
fied SRPA (mSRPA) which includes Xphpn: mSRPA can
be obtained from eq. (6) by evaluating the Hamiltonian
matrix using the HF ground state. The result is shown in
fig. 5. The X npn amplitude significantly enhances the col-
lectivity of the 07 state. However, the transition strength
in mSRPA is still smaller than that in STDDM. In fig. 5
we also show the result of a further modified SRPA which
includes all two-body amplitudes except for the 3p-1h, 1h-
3p, 3h-1p and 1p-3h amplitudes. The 3p-1h and 3h-1p am-
plitudes do not increase the transition strength, although
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Fig. 6. Strength distributions of the two-phonon states of the
neutron quadrupole modes in 220 calculated in STDDM using
SKIII. The solid, dotted and dot-dashed lines depict the results
for the 07, 2% and 47 states, respectively. The result in SRPA
for the 0" state is also shown with the thin solid line. The
strength functions are smoothed with I" = 0.5 MeV.

they change somewhat the form of the strength function.
Now the transition strength becomes 91% of the strength
in STDDM. Thus, all two-body amplitudes except for the
3p-1h and 3h-1p types seem to be important to describe
the collectivity of the low-lying 2-phonon states. This is in
contrast to two-phonon states of giant resonances where
the transition strengths are exhausted by the 2p-2h, 2h-2p
and 1p1lh-1p1lh amplitudes [29]. The fact that the 0T state
in STDDM is not much lowered as compared with the
modified SRPA results is due to ground-state correlations.

We also performed a self-consistent STDDM calcu-
lation using SKIII as a residual interaction. For sim-
plicity, we neglected the spin-orbit force. Since there is
a strong cancellation between the momentum-dependent
and -independent terms, SKIII induces quite weak ground-
state correlations in the truncated single-particle space
considered in this work: The occupation probabilities of
the 1ds/o and 2s;/p are 0.9999 and 0.0003, respectively.
The strength functions for the two-phonon states are
shown in fig. 6. The ratios of the g.s. — 2% and 4™ transi-
tion strengths to the g.s. — 07 one are 0.77 and 0.33, re-
spectively, which are close to 4/5 and 1/3 obtained assum-
ing the unperturbed configurations as discussed above.
Since SKIII is effectively a very weak interaction in the
truncated single-particle space, there is no significant dif-
ference between the STDDM and SRPA results.

4.4 Incoherent states

Now we discuss incoherent states which are seen in the
low-energy region of the strength function of the 2-phonon
state with J™ = 2% (fig. 3). These incoherent states have
large components of the 3p-1h and 1p-3h configurations
which have the same unperturbed energy as the 1p-1h con-
figurations. Since the 3p-1h, 3h-1p amplitudes and their
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Fig. 7. Strength distributions of the neutron quadrupole mode

calculated in STDDM (solid line) and mSTDDM (thin dotted

line). The result in RPA (dot-dashed line) is also shown for

comparison. The strength functions are smoothed with I' =
0.5 MeV.

complex conjugates are used as dynamical amplitudes in
eq. (6), these incoherent states naturally appear as eigen-
states. However, the important physical role played by
these amplitudes seems to be a rather kinematical one.
To clarify this point, we use a different expression for
eq. (6) [10]. When the eigenvector (z,X) in STDDM is

transformed to (y,Y) as
STz [y
To1 S22 ) \Y )’

x p—
X )=
aSi +cToy aTiz + ¢S \(y | _  (SuTie\(y
bS11 + dIny bThg +dSe J\ Y B\ Ty S22 J\Y J°
(24)

eq. (6) becomes

It has been pointed out [10] that this form of STDDM
is a reasonable approximation for an extended RPA with
Hermiticity [19]. The kinematical effects of ground-state
correlations are included in the Hamiltonian matrix of
eq. (24). For example, the increase of the unperturbed en-
ergy of 1-phonon states due to ground-state correlations
is given by cT5; in aSy11 + ¢I51, whereas aS7; describes
the renormalization of the RPA matrix due to the change
in occupation factors. Omitting the 3p-1h and 3h-1p am-
plitudes and their complex conjugates in Y, we can avoid
dynamical contributions of these amplitudes. This mod-
ified STDDM is referred to as mSTDDM. The obtained
results for the 1-phonon state and the 2-phonon state with
J™ = 2% are shown with thin dotted lines in figs. 7 and
8, respectively. The coherent states are little affected by
the omission of the 3p-1h and 3h-1p amplitudes and their
complex conjugates, and the incoherent states seen in the
2-phonon state can be eliminated. Thus it would be bet-
ter to use eq. (24) without the 3p-1h— and 3h-1p—type
amplitudes instead of using eq. (6) with full two-body am-
plitudes when we are interested in the calculation of the

(23)
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Fig. 8. Strength distributions of the 2 two-phonon state cal-
culated in STDDM (solid line) and mSTDDM (thin dotted
line). The strength functions are smoothed with I = 0.5 MeV.

strength functions. However, we also found that the omis-
sion of the the 3p-1h— and 3h-1p—type amplitudes affects
the transition probability between excited states when it
is evaluated using eq. (21).

Finally we discuss incoherent states associated with
one-body and two-body amplitudes which have zero un-
perturbed energy: Zpp, Thh, Xphphs Xpppp, and Xunnn are
such amplitudes. Some incoherent solutions of eq. (6) or
eq. (24) have finite energies but most of them stay at
zero or nearly zero energies. The transition strengths to
these states are so small that they are invisible in the
strength functions shown above. If these amplitudes are
neglected and only Zph, Thp, Xpphh, and Xphpp are taken
in eq. (24), these incoherent states disappear. However,
a serious problem arises as to the collectivity of coherent
states, especially of 2-phonon states, as explained above.
Therefore, what we must do would be to interpret these
incoherent states as unphysical ones and consider only co-
herent states.

4.5 Effects of three-body amplitudes

The Hamiltonian matrix 775+ dSas for the two-body am-
plitudes in eq. (24) cannot represent all terms in the ex-
tended RPA of ref. [19]. The terms coming from

>

Y1Y2V3Y1 V2 V5

e(araza oy : Y1y2Y3717575)

XT3 (717273717275 © A1A2A1AS) (25)

are the missing terms. Here e is a matrix that would come
into the Hamiltonian matrix if we included a three-body
amplitude in the evaluation of the left-hand side of eq. (8),
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Fig. 9. Strength distributions of the 0 two-phonon state cal-
culated in mSTDDM with eq. (25) (solid line) and without
it (dotted line). The strength functions are smoothed with
I' =0.5 MeV.

and is given as
e(arazaal 1 117273717573) =
—<a17§|7}|7172>5a2735a171 Oays
+<0‘2'Yé|v|7172>5a1735a171 5@5’7&
(1172 1v1093) 007 Oz Oy

_<717§|U|a/273>5a171 Oazys 6a’17§,' (26)

T3, is defined as
T (V17273717275 : AL A2 Ay) =

(Do][: aji ajéajéa%awa% o ay af, axgax; 1| Po).
(27)

This €739 term contributes to the two-body sector of the
Hamiltonian matrix in eq. (24) when the transformation of
eq. (23) includes the three-body amplitudes. Kinematical
effects of ground-state correlations such as the increase
in unperturbed energies of 2-phonon states are expressed
by some terms in eq. (25). We performed a calculation in
mSTDDM including eq. (25) and found that the 1-phonon
state is little affected: The excitation energy of the first
27 state is unchanged and the transition strength to the
first 27 state is slightly increased (by 2.5%). The inclusion
of the terms in eq. (25) somewhat affects the properties of
the 2-phonon states as expected: The excitation energies
are increased by 0.2-0.5 MeV and the transition strengths
are decreased by 8-20%, depending on J of the 2-phonon
states. As an example the strength functions for the 0T
state calculated in mSTDDM with the terms in eq. (25)
(solid line) and without them (dotted line) are shown in
fig. 9. Thus the terms in eq. (25) need to be included in
quantitative study of 2-phonon states.
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5 Summary

We proposed a time-independent method for obtaining
a correlated ground-state of the time-dependent density
matrix theory (TDDM). The method was applied to ob-
tain the correlated ground state of 220. The eigenstates of
the small amplitude limit of TDDM (STDDM) were cal-
culated for the first 27 state in 220 using the correlated
ground state. It is found that STDDM properly deals with
the effects of ground-state correlations on the low-lying 2%
state and that the non-Hermiticity of STDDM is a quite
moderate one: The eigenvalues have quite small imaginary
parts and the strength function is practically positive def-
inite although it is not guaranteed in its non-Hermitian
form. The 2-phonon states of the 2% state were also stud-
ied. It was found that the 2-phonon state with J™ = 0"
appears at very low excitation energy. This originates in
the nature of the zero-range force used. The results ob-
tained using the Skyrme III force as a residual interac-
tion were also presented. It was found that SKIII acts as
a weak residual interaction in the very truncated single-
particle space considered in this study. The physical roles
played by the 3 particle-1 hole and 3 hole-1 particle type
amplitudes in STDDM were discussed and a method for
eliminating the incoherent states associated with these
amplitudes was presented. It was also pointed out that
the self-energy terms for unperturbed 2-phonon configu-
rations, which are missing in STDDM, can be included
using the extended RPA formalism of refs. [10,19].

Appendix A.

When 1, is chosen to be an eigenstate of the mean-field
Hamiltonian (eq. (3)), F1 and F» become

Fi(d/a) = (eq — €0 )02
+ Z (Cgl,\ga/,\3<a)\3\v|)\1)‘2>
A12As
—Cg,\g,\l,\g (A 2|v]a’Az)) (A1)
Fy(o/B'af) = (ea + €5 — €ar — €3')Cagar
+B g0 s + Plsary + Hopar,  (A2)
where
Blswp = Y. {(MelvlAsAa)a
A1A2AsAg
X[(dar, — ng,\l)((smz - ”%Ag)”gsa'ngm/
—nixln%xz (Oxger — ”(B\aa/)(&\m’ - ”&Lﬁ/)]a (A.3)

Pgﬁa/ﬁ’ = Z <)\1>\2|'U‘)\3)\4>

A1A2A3A4

0 0 0
X[(Gax, 0pr, — SaxiMgr, — ”aA15ﬁAz)CA3,\4a'ﬁ/

- ”gga/5A46')025,\1A2]7
(A4)

0
—(Oxsar0n,8" — Ongar My, 3
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Hgs = > (Mdafvldsha)a
A1daAs A

X [5a/\1(”93af024ﬁ,\2,3' - n())\g,@’cg4ﬁ/\2a’)

+0px, (”?\45/023(1)\1@/ - n(>)\4a/023a>\1ﬁ’)

—0a s (”&\1034@25/ - n%A1024a)\26’)

=082, (n%)\gcgga)\la’ -n Azcggﬁ,\la')]- (A.5)

Here the subscript A indicates that the corresponding ma-
trix is antisymmetrized.

Appendix B.

The matrices in eq. (6) are shown below:

alaa : AN) = (€q — €ar)0ardar
_ Z((ﬂ/\'|v|a'/\>Angﬁ — (X [0|BAY ANGo ), (B.1)
B
benanaial s W) = ~dnn{ Y l(Ga =0, il i

Bvé
1) (505 = Moy ) (N Bloly6) a]

+ Z )\ O[2|'U|6’Y>Cﬁ,.ya Lo + <)\ 6"U|041"}/>ACQ2,Y@/26
By

uﬁwmﬂ>cmmﬁ@

+%M{§]®mﬁn

Bvo
o, 5(0yay = 15 01) (Gsay = 10y ) (N BlU[10) 4]
+Z [(Naq|v]|B7) Cﬁva ray + (N ﬁ\v|a17>ACalw2B

0 0
10,5 (Gray 1
0 0
n’ya’l n&ag

0
alﬂ)

<)\ ﬂ|U|O‘2’Y> Cal'ya [3]}

+%g{§jwm;—@%m&wﬂﬂ
Bvo
8 (Bt — 10, 3) By — 10 (510175} ]

+Z (B[v[Aas) Co,
By

—(asBol\)a aw%d}

_50/2)\’{ > (J5a

Bvd
+nga/ (6041,3 -n

ayazfBy <a1ﬁV4AW>A(1m7a 56

0 0 0
- néa'l )nalﬁnag'y

o1 8) (Bazy = 1,) (B7]0[A6) A]

+Z ﬁ’7|’l)‘)\041> ayas By <alﬂ|v|A7>ACa27alﬁ
By
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_<a2ﬁ|v|>‘7>A021’yaiﬁ]}

+ Z[<O‘1>‘/‘U‘ﬁ)\>A02aga’la’2 - <O[2>\/‘U|ﬂ)\>1402a10/1a’2

B
_<ﬁ)‘/‘v|a/2/\>x4021a2a’16 —+ <ﬁ)‘/‘v|a/1/\>x4021a2a’26]’
(B.2)
C(O&O/ : )\1)\2/\’1/\/2) = <Oé/\/2|v‘)\1)\2>5a/)\/1
—(M A [v]aAz)dan, (B.3)
d(araaaay 1 MAATAY) = (€ay + €ay — €a) — €ay)
X(salAl 5&2)\26a’1/\’16a’2)\’2
0y 300505 O (601 3000y — Sany
By
—BaTyy) (B0 A1 A2)
_6Ot1>\160¢2/\2 2(504560/27 - 60‘&"/”91’1[;‘
By
—0a 310y ) (A AS|0]B7)
+0asxs 00y, Z(<a1/\'1\v\ﬂ)\1>A"%a;
B
— (BN [v]af A1) ang, 5)
+Foaznaarn, (@1 X5[v]BAL) anfly
B
—(BXs]vlab M) ang, 5)
+F0aix0arx, ({2 X5]0]BA2) ANy
B
—(BXs|v]abA9) ang, )
+oainiGagn, Y ({2 [v]BA2) anf,,
B
_<5)\I1\v|0/1)\2>,4n32ﬁ)a (B.4)
where 78, = (Polal as|Po) and 000410420/10/2 =

<Q30|a:,lal'/2aa2am|¢0>—A(no nl ).
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